resistor; B, temperature coefficient; m, power sensitivity factor; o, electrical conductiv-
ity, 9 'em™'; S, thermal potential, W/m. Indices: arc, arc; c, cathode; m, medium; t,

thermistor; g, gas; ax, axial; a, anode; mm, mean mass; i, initial.
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SOME STEADY-STATE PROBLEMS IN THERMAL CONDUCTIVITY FOR A
THIN METAL WIRE HEATED BY AN ELECTRICAL CURRENT

A. N, Shcherban' and V. N. Tarasevich ; UDC 621.365:621,372.061.6

Analysis is made of steady-state problems in thermal conductivity for a thin metal
wire heated by an electrical current, including consideration of the temperature
dependence of the thermophysical properties of the wire material and of the condi-
tions for heat transfer with the surrounding medium.

The thermal conductivity of thin metal wires heated by an electrical current, which are
widely used in the field of thermal measurement in the form of thermal sensors such as thermo-
anemometers, has been investigated in detail within the limitations of the linear problem
where the thermophysical properties of the wire material (resistance, heat capacity, coeffi-
cient of thermal conductivity) and the conditions for heat transfer with the surrounding
medium (coefficient of heat transfer) do not depend on temperature [1, 2]. Such a formula-
tion of the problem has important theoretical significance; however, its solution is only
valid for small excess temperatures and therefore can be used in practice for an extremely
limited set of engineering problems.

In this paper, an analysis is made of the steady-state problems [1, 2] with considera-
tion of a linear dependence on temperature for the resistance and for the coefficients of
heat transfer and thermal conductivity of the wire.

If the heat transfer between the wire and the surrounding medium 6beys Newton's law,
the differential equation for steady-state thermal conductivity canm be written in the form

d dt 1
o [A(t)mg;] == IPp (8) + ndo (£t — 1). L

In first approximation, let

o) = oy (14 B); A (1) = 2 (1 + 81); & (t) = @, (1 + ¥0).
We then obtain from Eq. (1)
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d dt ] : 1
Ry —— | (14 81) S | = adat, (1 -+ i)t — 1) — — I, (1 4 Bt). (2)
dx dx ® ‘
The boundary conditions for the problem are tg=o,7 = th. Using the notation
0p = Po(1 Bl Ay = 2o (1= 88); oy = g (1 + VE);

B = Pi(1+ Bty); & =d/(1 + &) v =v(1 + ),

one can obtain from Eq. (2)

A0 L [(1 + 6'6)@] = ado, (1 4 7'9) & — A g, (14 879). (3)
dx dx ®

After transformations, we obtain from Eq. (3)

Ao (14 8'9) 9" - 2,088 = ndy'e,8® + (ndab —_ ;— lzpbﬁ’) ) -% o, (4)

or
2y’
6’

(18 1) @

A08'00" + A,08'0"" = ndy’ 0,02 + {ndab (1 — ) 1 Izpbﬁ'} 0
)

where 8=1%+ 1/8".

Table 1 gives an analysis of particular cases of Egs. (4) and (5) cbtained above repre-
senting all the possible combinations of zero and constant values of the temperature coeffi-
cients B, 8, and Yy, where some generalized function z is introduc¢ed in the table in place of
the functions ¥ and & occurring in Eqs. (4) and (5).

Table 1 makes it clear that the solution of the problem of thermal conductivity for a
thin metal wire heated by an electrical current reduces to integration of the four types of
ordinary differential equations with constant coefficients a, b, ¢, and d under the boundary
conditions specified in the table.

Equation (a) has the solution of [1, 2].

We seek a solution of Eq. (b) on the basis that d%/dx = 0 when x = 1/2 and ¢ =4,
where #,, is as yet unknown. One can then obtain from Eq. (b)

F{A(8 — 93) + B(8— 82) - C (8 —9,)))
0

L
2

do = x, (6)

where
A =27/3k; B =n/t; C=—2af.

If we introduce the notation

h? = 2A/{(3A®,, + B) + v (B*— 4AC) — 2AB%,, — 34%02};
n* = 2A/{—@3 A%, + B) +V (B* — 44AC) — 24B%,, — 348 2};
Y = arcsin} 1 —r2(8,,—9); ¥, = arcsin V' 1—h?¢;

1

k e h/ (h2 + h12) T,

we obtain from Eq. (6) a final solution of Eq. (b) in the form
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Fig. l.- Temperature distribution in Fig. 2. Comparison of the tempera-.
a wire calculated from the equations ture fields in a wire obtained from
in (1, 2]. the equations in [1, 2] and from Eq.
(7y; 1) vy #0; 2) 0.
f<€m> 7 \ \
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Fig. 3. Dependence of temperature in Fig. 4. Graphical solution of Eq. (9):
the central section of a wire on the 1) K(k) — F(k, ¥); II) (/Eyékh)l.

length of the wire: 1) y = 0; 2)
vy # 0. 6n, deg.

X

F(k, W) —F(k ¥,)=
(k, W) — F(k, ¥o) = —

V A@ 107, 7N

To determine the temperature drop ¥, in the central section of the wire, one can obtain
from Eq. (6) when x = L/2

8"2 —_ 1_
[ A0 =08 + BO — 8+ Co 8} Tdd =L, ®
0
from which we have
kh {K (k) — F (k, ¥))} = _‘%A—z. (9)

As an illustration, Fig. 1 gives the results of numerical calculations of the tempera-
ture of a platinum wire with d = 0.005 cm and T = 0,35 A for various values of the parameter
7 which were computed from the equations of [1, 2] — Eq. (a). Figure 2 shows temperature

curves for the same wire and I = 1.5 cm which were computed from the equations of [1, 2] and
from Eq. (7).
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The dependence of the temperature in the central section of the wire on the length of
the wire calculated for the cases y = 0 and vy # 0 is shown in Fig. 3. In the latter case,

data from the graphical solution of Eq. (9) shown in Fig, 4 were used.

Equation (c) can be transformed to

00" + 6" = 46 — B,
where
A=/, B=af,
from which one can write by analogy with Eqs. (6) and (8)
1

0
S‘e[_g.zq(es‘.eg)—-s(ez__ez)] @ =,

nt

[ .

2 393y BB — o2y Z40 b
je[s A(®* —063)— B(® em)] o~ - .

0

Finally, we obtain an equation for the temperature of the wire from Eq. (11):
0+ LN F kO~ Fe v — o ERV—ER ¥ = 51/ 2 4,
k2 k 2 3

and an equation for the temperature in the central section from Eq. (12):

Q

Q _ LS
(G+_E){K(k)—ﬁ(k,‘1’o)}——k;{E(k)“E(k"F")}‘ 1 I/?A’

where

36 3B 1 3B 952 |
B =1 1| m I/ 2 .

4A2
, 30 3B 1 3B 9B2
h2:1 [t /. S /_ 2 - 1
/ 2 4A 2 36, + A'Bm-r 44 |’

— ,2. - . .
k_h/th'[”‘h’Q'— 3 L/—2+T'G—_Q(l_h29"l)’

¥ = arcsin Y 1 — #2(8,,—0); ¥, = arcsin}/1—~%0,,.

For the most general case, where 8, 6, and v # 0, Eq. (d) is brought to the form

89" - 6'% = A6* + B8 —C,

where

A=E B=n/k C=alt,

(10)

(11)

(12)

(13)

(14)

(15)

from which we obtain the following equations for the temperature field and for the tempera-

ture in the central section of the wire:

i

0 L
('e{%(m_e;l)+%B(e3_egl)—0(ez_efn)} 240 = x,
B,
[ .
A 2 L
oA @ — o)+ 2 BE —03)—C(62—62 L
[ofg@—sn+ 3 B —sn—ce—o | To-
8, ’

(16)

an
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TABLE 3. Function r(t) in Eq. (18)

Parameters| r(t)

cp=>0, 1 ‘ S T__ 7 3
=0 _ rn 2V coy apt* — (2ap + bp) 12 4 (@b + by + cp) 2¢cp R
: 21 s | 1—1¢2 1—g2 7

2Ve 1 ayty — (2ay + by) 13 - (ap+ b + 1)
+bpi{—In 5
1—1;

+ “EEZL“‘%—bb]}

F]
1—12 ki
p>0, 1 (2ep -+ by) — £ (2cp + by) — 13
A0 — {Arsh o Arsh ey
2V e Va(a—1) VA1 —1tp)
cp>0, ! ——In { " .ot by
A=0 2V ¢ 1—12 (2cp +bp) — 13
Dby —— g2 p) by) — 12
¢p>0, — : — {arcsin (ch; ba) — arcsin (f_bj-___b)__q_o_
A<0 2V e VoA —rm VA —£)
Note. ap = mm'; by =— (m+2mm" +m"); cp=1+m+mm' +

m'; A = 4apcp — b,

Using the notation

t t
© () = [ a1 — B VI@; r) = [ tari(1— VL),

tﬂ
where

{=—

0—w 0, —v
P hhEm— ——
6-—pn 0,—n
L(f) = R(l — mi®(1 —m't2),
R=4+1, m=NM, m =NIM;
M=v4+pvtq M =v4{pvitgq,
N=p+ppt+ag N =p+pu+g,

we finally obtain the following equation from Eq. (16):
pA (h, B)p— V)F (k, ¥)— F (b, ¥} — (e — V@O —r (O} == l/ % MM (18)

Values of the coefficients R, m, m', A(h, h'), B(h, h'), k, and n, of the variables t and z,
and of the function ¢(t) are given in Table 2 (z = sin ¥, 2z, = sin ¥¢), and values of the

function r(t) are given in Table 3. The coefficients u and v are determined from the system
of equations

2uv+p(u+v)+2q=0},
2pv - p'(u4v)+2¢" =0

and the coefficients p, p', q, and q', from the system



;o B i
p+p = T
..o, 1 c
g+4q +pp'= 5
pg'+p'qg=0
4 B i Co
= @22 . 2 p . .=
9 M( 3 4" 2 A

For calculation of the temperature in the central section, we obtain from Eq. (17)

uA (b, ') — VK (k) — F (k, ¥o)} — (0 — VD (¢,) — 7 (t,)} = —21— "A a9

2

where the functions ®(ty) and r(tp) are taken from Tables 2 and 3 with the incomplete elliptic
integral of the third kind N(n, k, ¥) in Table 2 being replaced by the complete elliptic in-
tegral of the third kind I(n, k) and the value of the variable t in Table 3 being replaced by
tm

NOTATION

I, electrical current; 7, d, w, p, length, diameter, cross-sectional area, and perimeter
of wire; x, running value of wire length; o, coefficient of heat *ransfer; A, coefficient of
thermal conductivity; p, specific electrical resistance; 8, y, §, temperature coefficients
of resistance, heat transfer, and thermal conductivity; t, temperature of wire; tp, tempera-
ture of surrounding medium; ¢ = t — tp, temperature drop; F(k, ¥), K(k), incomplete and com—
plete elliptic integrals of the first kind; E(k, ¥), E(k), incomplete and complete elliptic
integrals of the second kind; T(n, k, ¥), T(n, k), incomplete and complete elliptic integrals
of the third kind. Indices: b, at the temperature of the surrounding medium; 0, at 0°C.
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