
resistor; 8, temperature coefficient; m, power sensitivity factor; o, electrical conductiv- 
ity, fi-*.m-*; S, thermal potential, W/m. Indices: arc, arc; c, cathode; m, medium; t, 
thermistor; g, gas; ax, axial; a, anode; mm, mean mass; i, initial. 
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SOME STEADY-STATE PROBLEMS IN THERMAL CONDUCTIVITY FOR A 

THIN METAL WIRE HEATED BY AN ELECTRICAL CURRENT 

A. N. Shcherban' and V. N. Tarasevich UDC 621.365:621.372.061.6 

Analysis is made of steady-state problems in thermal conductivity for a thin metal 
wire heated by an electrical current, including consideration of the temperature 
dependence of the thermophysical properties of the wire material and of the condi- 
tions for heat transfer with the surrounding medium. 

The thermal conductivity of thin metal wires heated by an electrical current, which are 
widely used in the field of thermal measurement in the form of thermal sensors such as thermo- 
anemometers, has been investigated in detail within the limitations of the linear problem 
where the thermophysical properties of the wire material (resistance, heat capacity, coeffi- 
cient of thermal conductivity) and the conditions for heat transfer with the surrounding 
medium (coefficient of heat transfer) do not depend on temperature [i, 2]. Such a forMula- 
tion of the problem has important theoretical significance; however, its solution is only 
valid for small excess temperatures and therefore can be used in practice for an extremely 
limited set of engineering problems. 

In this paper, an analysis is made of the steady-state problems [i, 2] with considera- 
tion of a linear dependence on temperature for the resistance and for the coefficients of 
heat transfer and thermal conductivity of the wire. 

If the heat transfer between the wire and the surrounding medium obeys Newton's law, 
the differential equation for steady-state thermal conductivity can be written in the form 

r , d ~. (t) = - -  - -  l~p (t) + ~el~ (tXt - -  tb). ( t )  

In first approximation, let 

o(t)-: 9o(1 + ~t); ~(t)= ~o(! +80; ~(t)=~o(1 +vt). 

We then obtain from Eq. (1) 
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~.o(o ( 1 + 6/) --~.~. = ad~ o (I ~' v t ) ( t  - -  t~) - -  1 P9o (I + ~3t). 
(0 

(2) 

The boundary conditions for the problem are tx=o,Z = t b. Using the notation 

~b = Oo( 1 -- [Stb); ~'b = 2.o( 1 6tb); c% = %(1 + 5,/~); 

IS' = [~/(1 + [Bt,~); 6' = &/(I ~- 6.%); 5,' = 37(1 -+- %,Q), 

one can obtain from Eq. (2) 

~ ~ X  [ (1 -~-6't~)-~-X~ 1 ----~dab(1 ~ Y'O) 0 - - 1 ~  I~9~(1~o + [~'t~). 

After transformations, we obtain from Eq. (3) 

(3) 

( 1 ) l 
~o~(1 ~ 6 '0 )8"  --' kb~ -- adY'ab 02 + ~dab PPb~' 0 - -  PPb 

0.) O) 

(4) 

o r  

~b08,00,,+ ~b~8,0,, = ad?,abO,+ {ad~b(  1 2~' ) Io Ppb~'}O 

1 ~' 
(5) 

where 0=~+ I/6' 

Table 1 gives an analysis of particular cases of Eqs. (4) and (5) obtained above repre- 
senting all the possible combinations of zero and constant values of the temperature coeffi- 
cients 8, ~, and ~ where some generalized function z is introduced in the table in place of 
the functions O and 0 occurring in Eqs. (4) and (5). 

Table 1 makes it clear that the solution of the problem of thermal conductivity for a 
thin metal wire heated by an electrical current reduces to integration of the four types of 
ordinary differential equations with constant coefficients a, b, c, and d under the boundary 
conditions specified in the table. 

Equation (a) has the solution of [i, 2]. 

We seek a solution of Eq. (b) on the basis that d@/dx = 0 when x = ~/2 and O=@m, 
where @m is as yet unknown. One can then obtain from Eq. (h) 

.i' {A (~' - -  ~ )  + B ( ~  - -  ~ )  + C (~ - -  ~ ) } -  ~-d~ = x, 
0 

(6) 

where 

If we introduce the notation 

we obtain from Eq. 

A = 2~/3~; B = ~l/~.; C = --2a/~. 

h 2 ---- 2A/{(3AO% + B) -+- }/ (B ~ - -  4AC) - -  2ABOm - -  3A~02}; 

h'* = 2A/{--(3 A , ~  -5 B) + ] / ( B  2 4AC) - -  2ABO m - -  3A2~2}; 

= aresin V" 1 - -  h ~ (O=-- 0); To = arcsin V 1--h2,~m; 
1 

k = h ' ( h  ~ + h  '2) 2 , 

(6) a final solution of Eq. (b) in the form 
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0,8 ' , (  " ~ , \ \  
/[ 

/Z 

2 
~4 3 

Fig. I. Temperature distribution in 
a wire calculated from the equations 
in [i, 2]. 

I 
I 
I 

F 

Fig. 2. Comparison of the tempera- 
ture fields in a wire obtained from 
the equations in [i, 2] and from Eq. 
(7 ) ;  1) y ~ O; 2) 0.  

~r o 

240i / 

/50 l 

0 

\ 
\f 

6 

Fig. 3. Dependence of temperature in 
the central section of a wire on the 
length of the wire: i) y = 0; 2) 
y # O. O=, deg. 

p(~%) 

4 

2 

0 /gO 

I i 

i 

o J ~  '\I 
!~q'[ 

Fig. 4. Graphical solution of Eq. (9): 
I) K(k) -- F(k, ~o) ; II) (/A/4kh) l. 

F (k, ,I,) - F (k, % )  -- x V A  (h ~ +h'~-). (7) 2hh' 
To determine the temperature drop O,~ in the central section of the wire, one can obtain 

from Eq. (6) when x = 1/2 

077 z l 

! {A(O3 0,~)+B(O2_t~2)+C(O_O~) } 2 d o = l ,  
" 2 

(s) 

from which we have 

kh {K (k) - -  F (k, Wo) } = ~ A -  l. (9) 

As an illustration, Fig. 1 gives the results of numerical calculations of the tempera- 
ture of a platinum wire with d = 0.005 cm and I = 0.35 A for various values of the parameter 
l which were computed from the equations of [i, 2] -- Eq. (a). Figure 2 shows temperature 
curves for the same wire and i = 1.5 cm which were computed from the equations of [I, 2] and 
from Eq. (7). 
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The dependence of the temperature in the central section of the wire on the length of 
the wire calculated for the cases y = 0 and y ~ 0 is shown in Fig. 3. In the latter case, 
data from the graphical solution of Eq. (9) shown in Fig. 4 were used. 

where 

Equation (c) can be transformed to 

00" + 0 '2 = AO -- B, (I0) 

A = YI~, B = al~, 

from which one can write by analogy with Eqs. (6) and (8) 

0 l 

0 

Om l 

S o [5  
0 

= x ,  (Ii) 

dO = --l. (12) 
2 

Finally, we obtain an equation for the temperature of the wire from Eq. (ii): 

( ) x 
Q Q {E (k, V ) - -  E (k, %)} - 2  G + - -~  {F (k, V) - -  F (k, ~o)} - -  ~ = A, 

and an equation for the temperature in the central section from Eq. (12): 

(13) 

Q \(O+ ~'/?"]{K(k)--F(k'Vo) }--~{E(k)-E(k,lFo) } l / 2 A ,  
= - 4  3 

(14) 

where 

h.= 1/ 30m 3B 1 / O. ~ - 9B' 
2 4A + - 2 -  --3 m+ O m + - ~ E  ; 

h,~ 1 / [  30m 3B 1 ~//" 3 0 ~ +  3B0 9B 2 ] 
= , 2 4A 2 - A - ~ +  4--A-Y- ; 

1 . /  1 _+_ l_~o" G=__Q(l__h,  Om); k =  h'/ Vh'  + h"; Q = --K I~ -~. h , ' 

~F = arcsin ] / ]  - -  h * (0m--0); IF o = arcsin V 1 - h'0,~. 

For the most general case, where B, ~, and y ~ O, Eq. 

O0" + 0'2 = AO 2 + BO -- C, 

wh ere 

(d) is brought to the form 

(15) 

A = ~1~; B = ~11~;C = a l l  

from which we obtain the following equations for the temperature field and for the tempera- 
ture in the central section of the wire: 

l 

o (e,_ %) + T B(O=-- eD-- C(e~-- ~) dO=x, 

8o 

Om. } '  ' 2 B (0~ - -  Om~)-- C (0~ - -  0~) - YdO = - - .  e (e ~ -  e~) + ~ 2 
Oo 

(16) 

(17) 
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TABLE 3. Function r(t) in Eq. (18) 

Parameters r(t) 

cb>O, 
A<O 

cb>O, 
A>O 

Cb>O, 
A=O 

Cb>O, 
A<O 

l i,n [ 

+ bb] -- 

2#~V'  aot4--(2ab+bb) t'2+(ab+bb+co) 2Cb 
- { - - -  

In 

1 - -  t z 1 - -  l 2 

2]/-cb I abt ~ -- (2ab + bb) t 0 -~ (ab + bb + co) 
2 - - +  

I -- t  o 

, 2cb +Oh]} 
r 1 -- t~ 

1 {Arsh(2Cb+bb)--tz (2cb+bb)--t20} 
2 ]/-cb |/.~ (1 _ to) Arsh 7 ~  (1- Z t-~- 

1 l n{  1- - tg  (2cb+bb)--I 2 } 

1 (2co+bb'--tu arcsin!2Cb+bb)--t~} 1 arcsin 
2 V ~  V ~  (1 - t ~-) V - - ~  (l - t  o) 

+ 

Note. a b = mm'; b b =-- (m + 2mm' + m'); c b = i + m +mm' + 
m'; A = 4abe b -- b~. 

Using the notation 

(t) = ~ dr~( 1 - -  t 2) V-L'(t); r (t) = .! t d t / ( l  - -  t 2) ] / L ( t ) ,  
t o to 

where 

t =  O - - v  . to 0 o - v  . 
O - -  ~t 0o - -  ~ 

L (t) = R(1 - -  mt2)(l --m'#); 

R = -r I; m = N/M; m' =N' /M' ;  

M = v ~ + p v + q ;  M ' = v ~ + p ' v + q ' ;  

N = bd" + p~t + q; N' = ~t ~ + p'~ + q', 

we finally obtain the following equation from Eq. (16): 

~A (h, h')(~ - -  v){F (k, W) - -  F (k, ~Fo) } - -  (1~ - -  v)~{@ (t) - -  r (/)} ---- x V ' -  A2 M M ' .  ( 1 8 )  

Values of the coefficients R, m, m', A(h, h'), B(h, h'), k, and n, of the variables t and z, 
and of the function ~(t) are given in Table 2 (z = sin ~, zo = sin Vo), and values of the 
function r(t) are given in Table 3. The coefficients ~ and ~ are determined from the system 

of equations 

2 ~ t v + p ( ~ x + v ) + 2 q = 0  ] 

2~tv + p' ([~ + v) + 2q' = 0 / ' 

and the coefficients p, p' q' , q, and , from the system 
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4 B '~ 
P + P ' =  3 A 

J q + q ,  , 1 C - -  pp' = - -  ___ 
2 A I 

; . 

pq' q-p 'q = 0 ] 

r 
For calculation of the temperature in the central section, we obtain from Eq. (17) 

l V '  .4 M M', I~A (h, h')(I a - -  v){K (k) -- F (k, ~go)} -- (l-t -- v)2{* (tin) -- r (G)} = T 2 -  (z9) 

where the functions ~(t m) and r(t m) are taken from Tables 2 and 3 with the incomplete elliptic 
integral of the third kind H(n, k, P) in Table 2 being replaced by the complete elliptic in- 
tegral of the third kind H(n, k) and the value of the variable t in Table 3 being replaced by 
t m �9 

NOTATION 

I, electrical current; l, d, ~, p, length, diameter, cross-sectional area, and perimeter 
of wire; x, running value of wire length; a, coefficient of heat +ransfer; %, coefficient of 
thermal conductivity; p, specific electrical resistance; B, y, ~, temperature coefficients 
of resistance, heat transfer, and thermal conductivity; t, temperature of wire; tb, tempera- 
ture of surrounding medium; O = t -- tb, temperature drop; F(k, P), K(k), incomplete and com- 
plete elliptic integrals of the first kind; E(k, ~), E(k), incomplete and complete elliptic 
integrals of the second kind; N(n, k, P), ~(n, k), incomplete and complete elliptic integrals 
of the third kind. Indices: b, at the temperature of the surrounding medium; 0, at 0~ 

LITERATURE CITED 

i~ H.S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids, 2nd ed., Oxford University 
Press (1959). 

2. V.S. Popov, Metal Heated Thermoresistors in Electrotechnology and Automation [in 
Russian], Nauka, Moscow-Leningrad (1964). 

583 


